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Abstract 

Strominger and collaborators recently proposed that soft theorems 
for gauge and gravity amplitudes can be interpreted as Ward identi¬ 
ties of a 2d CFT at null infinity. In this paper, we will consider a 
specihc realization of this CFT known as ambitwistor string theory, 
which describes 4d Yang-Mills and gravity with any amount of super- 
symmetry. Using 4d ambtwistor string theory, we derive soft theorems 
in the form of an infinite series in the soft momentum which are valid 
to subleading order in gauge theory and sub-subleading order in grav¬ 
ity. Furthermore, we describe how the algebra of soft limits can be 
encoded in the braiding of soft vertex operators on the worldsheet and 
point out a simple relation between soft gluon and soft graviton vertex 
operators which suggests an interesting connection to color-kinematics 
duality. Finally, by considering ambitwistor string theory on a genus 
one worldsheet, we compute the 1-loop correction to the subleading 
soft graviton theorem due to infrared divergences. 
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1 Introduction 

In 1965, Weinberg showed that tree-level scattering amplitndes behave in a 
nniversal way when the energy of an external photon or graviton goes to zero 
and the amplitndes are expanded to leading order in the soft momentnm 
|1]. This is known as Weinberg’s soft theorem for photons and gravitons. 
Since then, the soft theorems have been generalized to snbleading order for 
glnons mm and snb-snbleading order for gravitons nn- Moreover, loop 
corrections to the soft theorems were stndied in [3, ]8| [Q] [ID] , and donble soft 
limits have been stndied in [II1[I21[I31[I31[I5]. 
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In a recent series of papers, Strominger and collaborators argued that 
the soft theorems can be interpreted as Ward identites for certain asymp¬ 
totic symmetries. In particular, they argued that the leading and subleading 
soft graviton theorems are associated with spontaneously broken BMS sym¬ 
metries [iniElIIH], which preserve the conformal structure of null inhnity 
in four dimensional asymptotically flat spacetimes uniEniEi], and the soft 
photon theorems are associated with spontaneouly gauge symmetry at null 
inhnity |22l|23l|2l]. More recently, it has been suggested that the soft gluon 
theorems can be interpreted as Ward identities associated with a Kac-Moody 
algebra of a CFT at null inhnity |2Sl 1^ - 

In this paper, we will study the soft theorems from the perspective of 
a 2d CFT which describes 4d Yang-Mills and gravity with any amount of 
supersymmetry, known as 4d ambitwistor string theory Ambitwistor 

string theories in general dimensions were developed by Mason and Skinner in 
j28j . The key features of these models are that their spectra only contain held 
theory degrees of freedom and their correlation functions produce scattering 
amplitudes in the form discovered by Cachazo, He, and Yuan (CHY) [2^ 
laniEiiES], notably they are expressed as worldsheet integrals which localize 
onto solutions of the scattering equations. The soft theorems were proven 
in any dimension using the CHY formulae in [301 ESI [Ml IM], as well as 
using ambitwistor string theory in [M]- They were also proven for W = 
8 supergravity [3Z] and more recently W = 4 super-Yang-Mills [M] using 
models which are closely related to the 4d ambitwistor string. 

As demonstrated in [36], the soft theorems for gauge theory and gravity 
can be derived using ambitwistor string theory by expanding a soft vertex 
operator in powers of the soft momentum. In particular, each term in the 
expansion corresponds to a charge on the worldsheet which gives rise to soft 
theorems when inserted into correlation functions. Hence, the soft theorems 
can be interpreted as Ward identities of ambitwistor string theory. In this pa¬ 
per, we show that if one evaluates the Ward identities in the approximation 
that the scattering equations for the hard vertex operators decouple from 
those of the soft vertex operator, one obtains soft theorems in the form of 
an inhnite series in the soft momentum which are valid to subleading order 
in Yang-Mills theory and sub-subleading order in gravity. This derivation 
demonstrates the universality of the soft theorems and clarihes the approx¬ 
imations used in [36] • In principle, it should be possible to compute higher 
order terms in the soft limit by taking into account the backreaction of the 
soft vertex operator on the hard ones via the scattering equations. Note 
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however, that higher order terms vanish in the holomorphic soft limit, which 
corresponds to expressing the soft momentum in bispinor form and taking 
one spinor to zero while holding the other one hxed |6]. Furthermore, we hnd 
an interesting relation between the charges which generate soft gluon and soft 
graviton theorems. In particular, the latter can be obtained from the for¬ 
mer by replacing a Kac-Moody current with a Lorentz generator, which is 
reminiscent of color-kinematics duality [3^ HU] . 

We also show that algebra of soft limits of scattering amplitudes can be 
elegantly encoded in the braiding of soft vertex operators on the worldsheet of 
the ambitwistor string. From this point of view, an ambiguity which arises in 
the definition of double soft limits recently discussed in [2S] is related to terms 
which arise from braiding one soft vertex operator around another one before 
it becomes soft, and our prescription will be to discard such terms. Using 
this prescription, we hnd that the commutator of leading order soft graviton 
limits vanishes, which is what one expects since the underlying symmetry 
corresponds to supertranslations, which are abelian. Including higher order 
terms in the soft limit leads to nonzero commutators, which indicates that 
the symmetry algebra underlying higher order soft theorems is nonabelian. 

Finally, we compute the 1-loop correction to the subleading soft graviton 
theorem by considering the ambitwistor string on a genus one worldsheet. At 
leading order, the soft graviton theorem is not renormalized, but at sublead¬ 
ing order it receives corrections from 1-loop IR divergences BIZI. One-loop 
amplitudes in ambitwistor string theory were hrst studied in mi, where 
they were shown to have support on the genus one scattering equations. 
Demonstrating that ambitwistor string theory computes held theoretic loop 
amplitudes is a difficult task, although this was verihed in the IR limit of the 
4-point 1-loop integrand in [12]. In this paper, we show that in the IR limit, 
the ambitwistor string loop integrand is a rational function for any number 
of external legs and can be integrated using dimensional regularization to 
obtain the 1-loop correction to the subleading soft graviton theorem coming 
from IR divergences. This provides further evidence that the loop amplitudes 
of ambitwistor string theory correspond to held theory amplitudes. 

This paper is organized as follows. In Section]^ we review 4d ambitwistor 
string theory. In Section we derive the tree-level soft theorems for Yang- 
Mills and gravity and compare our expressions to the results of BCFW re¬ 
cursion, from which we deduce that our formulae are valid to subleading 
order for Yang-Mills and sub-subleading order for gravity. In Section we 
describe a simple relation between soft gluon and soft graviton vertex op- 
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erators which is reminscent of color-kinematics duality and explain how the 
algebra of soft limits can be encoded in the braiding of soft vertex operators 
on the worldsheet. In Section we review ambitwistor string theory in gen¬ 
eral dimensions both at genus zero and genus one, and compute the 1-loop IR 
divergent correction to the subleading soft graviton theorem. In Appendix 
[Aj we describe some basic properties of the 4d scattering equations. In Ap¬ 
pendix we demonstrate how the soft limit algebra can be encoded in the 
braiding of soft vertex operators using explicit examples and compute the 
subleading contribution to the commutator of two soft graviton limits and 
two soft photon limits (note that the leading contribution vanishes in both 
cases). 

2 Review of 4d Ambitwistor Strings 

4d ambitwistor string theories were studied in [43], [27] . They are closely re¬ 
lated to the twistor string theories of Witten H. Berkovits Ha. and Skinner 
|46j . The crucial new features of 4d ambitwistor strings are that the world- 
sheet helds have conformal weight (|,0), and vertex operators are dehned 
for both positive and negative helicity particles. Ultimately, this makes 4d 
ambitwistor strings a lot more flexible than ordinary twistor strings, in that 
they can describe 4d Yang-Mills theory and gravity with any amount of su¬ 
persymmetry, and the resulting amplitudes are much simpler, depending on 
very few moduli. Whereas super-Yang-Mills theory is described by a non- 
supersymmetric worldsheet theory, supergravity is described by a worldsheet 
theory with M = 2 supersymmetry. Let us briefly review this construction. 

The non-supersymmetric worldsheet theory has helds 

( K\ / \ 

where a, a are spinor indices which are raised and lowered using the two- 
index Levi-Civita symbol, and the number of fermions Xi X depends on the 
amount of target space supersymmetry. We use the following notation to 
denote spinor inner products: (rs) = and [rs] = The 

Lagrangian is 


C = WaOZ^ + uWaZ^ 


( 1 ) 
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where m is a GL{1) gauge field. The fields have the following OPE’s: 


A„(cr)/i^((T') 




a — a' 


/i“(cr)A^(a') 




a — a' 


( 2 ) 


The spectrum of this model contains both (super)Yang-Mills theory and con¬ 
formal (super)gravity. The integrated vertex operator for a positive helicity 

gluon with supermomentum ( AjA*, \ifji ) is 


(3) 


Vym = f {tX - Xi) 


where j obeys a U(N) Kac-Moody algebra 


U^AB ■fAB -c 

jW(0= -, ’ 


2 ' , • (4) 

2 (cr — a') (y — O' 

The integrated vertex operator for a negative helicity gluon is the complex 
conjugate of (|^. 

The M = 2 worldsheet theory has the following additional world-sheet 
fields: 


which are the superpartners of (Z, W). The Lagrangian is 

C = WaBZ^ + PaBp^ + u^Kb (5) 

where 



Kb = paP^, pVa, p^Wa, Z^pa, A>„, A“p, 


The superpartner fields have the following OPE’s: 


a/3 . 5" 

paioBp^^io) ~ P"K)P/3(c^) - 


a — a' 


a — a' 


( 6 ) 
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The integrated vertex operator for a positive helicity graviton with supermo- 
mentum ( AjAj, Aj% ) is 


V, 


GR 


- / 


X^) 


XK 


+ it 


pA,] (7) 


The integrated vertex operator for a negative helicity graviton is the complex 
conjugate of ([^. 

An N^“^MHV amplitude is computed from a correlator with k negative 
helicity vertex operators and n — k positive helicity vertex operators: 


(Vl...VkVk+l...Vn) . 

For more details about gauge-hxing and BRST invariance, see To sim¬ 
plify the discussion, we will focus on pure Yang-Mills and Einstein gravity 
for the remainder of the paper. It is straightforward to generalize our results 
to the supersymmetric case. 

Combining the arguments of the exponentials in the vertex operators with 
the action and integrating out the worldsheet helds /i, jl implies that 


A(a) = y^^, A(a)= V 

^ (j -a i ^ ^ (j - Gi 

i=l * i=k+l * 


( 8 ) 


Plugging these solutions back into the delta functions of the vertex operators 
then gives 


nUP [t,\ (a.) - A.) (i,A (<7,0 - A,), (9) 

These delta functions localize the worldsheet integrals onto solutions of the 
4d scattering equations rehned by helicity: 


AjA (cTj) 


0 , 


l,...,fc, (AjA (uj)) = 0, j = k + l,...,n. 


Note that these equations describe the scattering amplitudes of both Yang- 
Mills theory and gravity. We describe various properties of these equations 
in Appendix 
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3 Tree-Level Soft Theorems 


In this section, we will use ambitwistor string theory to derive soft gluon and 
graviton theorems in the form of an inhnite series in the soft momentum. We 
then compare our formulae to the results of BCFW recursion and deduce that 
they are valid up to subleading order in Yang-Mills theory and sub-subleading 
order in gravity (note that higher order terms vanish in the holomorphic 
soft limit). This approach is closely related to the one developed in |36] . 
and demonstrates the universality of the soft theorems while clarifying the 
approximations used in deriving them using ambitwistor string theory. 


3.1 Yang-Mills 

As explained in [36] , from the point of view of ambitwistor string theory, a soft 
limit corresponds to taking a vertex operator soft in a correlation function. 
First note that the delta function which appears in a positive helicity vertex 
operator can be written as 


(a(<7) - A.) = Yi - n(sA(<T))) 

where is the soft momentum, ^ is a reference spinor, and s is short for 
As. Noting that Bj = 0 and 


5 ((sA(a))) 


Stokes theorem implies that 


1 g 1 

27ri (sA(ct)) 





(AQ 

(As) {si) 


exp 


( {sj) [sp] A , 

V (A«> F 


where the worldsheet coordinates being integrated over are cTq = (l,cr)- 

For an (n -|- l)-point N^“^MHV amplitude, the contour is localized around 
the k — 1 solutions of (sA (a)) = 0, and the positions of the hard vertex op¬ 
erators are determined by the scattering equations for an n-point N^“^MI1V 
amplitude as the momentum of the soft particle goes to zero, which is the 
approximation we use. One then wraps this contour around the location 
of the hard vertex operators. If we took a negative helicity particle to be 
soft, the contour would be initially located around the n — k — 1 solutions 






of sX (a) = 0, and the positions of the hard vertex operators wonld be 

determined by the scattering eqnations for an n-point N^“^MHV amplitnde 
as the momentnm of the soft particle goes to zero. For more details, see 
Appendix 

For color-ordered Yang-Mills amplitndes, the soft theorems follow from 
integrating the soft glnon vertex operator around the two adjacent hard ver¬ 
tex operators following a “hgure-eight” path, as depicted in Figure [T] Let us 



Figure 1: If particle i goes soft in a color-ordered Yang-Mills amplitude, the 
soft theorem follows from integrating its vertex operator around the vertex 
operators for particles i — 1 and i + 1, as depicted above for a genus zero 
worldsheet. 


describe this in more detail. Suppose that the soft gluon has positive helicity 
and is adjacent to another positive helicity gluon whose vertex operator is lo¬ 
cated at position (jj. One then obtains the following residue from integrating 
the soft gluon vertex operator around ap 


dVVyM(o-)V((Ji) = — 


(A(a)O 
2Tii J (A((t)s) {s^) 
1 


exp 


(sQ [sfija)] 

(A(a)O 


j{a)V{ai) 


27ri J a — ai {is) (s^) 


exp 


(sO T ^ 1 V i 


{*?> 


exp 


I ^ \ V(rr^ 


( 10 ) 


(is) {sO 

In obtaining the second line, we kept the single trace term in OPE of currents 
in (|^ and noted that 

lim A((t) —)• liixi A(ct) —)■ —, lim ^(a) —)■ — —(11) 

a--s-(Ti a — at o—5-o-i ti (T^cn ti dXj 
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which follow from ([^, (|^, and (§. 

Hence, if particle n of an n-point color-ordered Yang-Mills amplitnde has 
positive helicity, we find that 


hm = 


(10 


(In) «) 


exp 


«) 


d 


(10 ao 


{n - iQ 

(n — In) (n^) 


exp 


(nO 


-A 


d 


i^n-l) dXn-i 


A 


YM 
n—1 • 


( 12 ) 


If the soft particle particle has negative helicity, complex conjngate the pref¬ 
actor. 


3.2 Gravity 

Now we will derive the soft graviton theorems. Similar manipulations to those 
described in the previous subsection imply that a positive helicity graviton 
vertex operator can be expressed as 



1 , 

(Ae) 1 

( 

As 

(AO 

2m ] 

(As) (sO 

i {sO 


+ i [ps] [ps] 


exp 


/ (sQ 

V (AO )' 


The soft graviton theorems then follow from integrating the soft graviton 
vertex operator around the location of each hard vertex operator in a cor¬ 
relation function and adding up the residues, as depicted in Figure The 



Figure 2: The soft graviton theorem follows from integrating a soft graviton 
vertex operator around each of the hard vertex operators, as depicted above 
for a genus zero worldsheet. 
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residue from integrating it around a hard vertex operator at cTj is given by 


/ 


dVVGR(o-)V (ui) 


[^g] {ip 
i^s) {sO' 




V(a.) 


where we used 0 and 0. and noted that terms involving derivatives with 
respect to the worldsheet fermions do not contribute because they contain a 
double pole. 

Hence, if particle n of an n-point amplitude is a positive helicity graviton, 
we hnd 


hm 


S (m) «)^ ^ ^ 


V(^0 ^'dxj 


A 


GR 

n-1 


(13) 


If the soft particle has negative helicity, complex conjugate the prefactor. 
Note that our derivation of this result did not make use of the detailed 
structure of the hard vertex operators and therefore reflects the universality 
of the soft graviton theorems. 


3.3 Comparison to BCFW 


It is interesting to compare (12) and 

[snaini: 


to the results of BCFW recursion 


hm A^^ = 


in 


11 ) 




{In) {nn — 1) 


exp 


inn 


1 ) 


A. 


d 


(ln-1) " aw 


+ 


(In) 


\in\ (in 


i)= 


lim A™ = ^ exp 

{in) {nn — 1) 


pt-i-o 


[nn 




(In — 1) 
ni) 


\r 


d 


d\n-l 


A, 


(in 


1 ) 


d\. 


(n 


li) 


Xr 


(14) 
d 


dXn-l 

(15) 

Note that for non-MHV amplitudes, these formulae are only valid up to 
subleading order in Yang-Mills and sub-subleading order in gravity. Let us 
first compare the the two soft graviton formulae. Choosing ^ = A„ in (13) 
brings it into a very similar form to (15). In fact, the leading terms trivially 
agree, and one can show that the subleading and subsubleading terms also 
agree after using momentum conservation PE]. Beyond subsubleading order 
however, (13) and (15) do not generally agree. 


YM 

n—1 


aGR 
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Now let us look at the soft gluon formulae. Expanding (12) to leading 
order and using the Schonten identity gives 

(iQ _ in - iQ ^ (^-11) 

(In) (n^) (n — In) (n^) (In) (nn — 1) ’ 


which matches the leading order of (14). Similarly, expanding (12) to snb- 


leading order, the dependence on ^ cancels ont and one obtains 




A. 

9Ai 


inn 


1)A„ 


d 


dXn-l ’ 


which matches the snbleading prefactor in ( |I4| ). Beyond snbleading order 
however, the two soft glnon formulae do not generally agree. It was observed 
in [5] that the BCFW formnlae should hold to all orders for MHV amplitudes. 


Hence we do not expect (12) and (13) to hold beyond snbleading order for 


Yang-Mills amplitudes and snb-snbleading order for gravity amplitndes. 


In deriving (12) and (13), we assnmed that the locations of the hard 


vertex operators did not depend on the location of the soft vertex operator, 
i.e. they are solutions to (n — l)-point scattering eqnations rather than n- 
point scattering eqnations. It wonid be interesting to compnte corrections to 
these formnlae by taking into acconnt the “backreaction” of the soft vertex 
operator on the the hard vertex operators via the scattering equations. 

In snmmary, we have proved the following soft theorems: 

• For gravitational amplitndes, 

n—1 


lim An — (^GR^ + + ‘^Gr) •^n-l 


c(“l) _ 

‘^GR — 


n—1 

Y 


[in] {^iy 


^ (m) i^n) 


2 ’ 


n 

sSi = Y 


in] i^i) ~ d 


c{i) _ tsA 
“^gR - 2 (m) " " 

(16) 




y\?dy 


For color-ordered YM amplitndes 


n—1 

lim An = A2 (^YM + 5'y]^ ) An -1 




2=1 


c(o) _ (n- 11) e(o) _ 

(^_in)(nl)’ 


-A 


d 


+ 


(nl) dXi {n - In) 


-Xr 


Wr 


(17) 
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• For photons, there is no color ordering so the soft theorems can be 


obtained by Taylor expanding the hrst term on the right hand side of 
(12) to sub leading order and summing over all of the hard legs: 


n—1 

lim 

n+^n 

i=l 


Pn^O 


C' 

Ji 


(- 1 ) 

QED 


+ S, 


( 0 ) 

QED 



M-1) ^ {^0 c.(0) ^ 

QED QED 


( 18 ) 


4 Symmetries and Braiding 

In this section, we explain how the soft theorems can be interpreted as Ward 
identities of ambitwistor string theory, and point out a simple relation betwen 
the charges which generate soft gluon theorems and those which generate soft 
graviton theorems. We then we explain how the algebra of soft limits can be 
encoded in the braiding of soft vertex operators on the worldsheet and how 
this reflects the underlying symmetry algebra of the scattering amplitudes. 


4.1 Gravity vs Yang-Mills 

Taylor expanding the soft gluon and soft graviton vertex operators in (|^ and 
([^ in powers of the soft momentum gives: 

r °° 1 

J dVVrM(c^) = + 


where 


/ OO -| OO -j 

dVVGij(a) = p ^2 

l=-l ^ ^ E 1=0 ' 


W _ 1 1 f \ r..„h+i ,■ 


^YM 


2711 J (sA) \(^A) 




-2m f {s\) f«A) 


i-1 


As 


[/is; 


\l+l 


(19) 

( 20 ) 
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l-l 


( 21 ) 



1 

27ri 


(sX) V(eA)y' 


[fis]^ pXi 



Each term in the Taylor expansion can be thonght of as a charge on the 
worldsheet which generates a soft theorem when inserted into a correlation 
function. Indeed, the results of Section § imply that A} gener¬ 

ate the leading and subleading soft gluon theorems, while 
generate the leading, subleading, and sub-subeading soft graviton theorems. 
Hence, the soft theorems can be interpreted as Ward identities of the 2d CFT 
describing ambitwistor string theory. This was also discussed in [35] . 

Interestingly, the charges which generate soft gluon theorems are related 
in a simple way to those which generate soft graviton theorems. In particular, 
Qym can be mapped into g^^^^ by replacing 


j 



[ps ]. 


In terms of OPE’s this corresponds to replacing 

Furthermore, Qym can be mapped into by replacing 

j [ps] [ps]. 


Hence, we hnd that the charges which generate soft gluon theorems map into 
the charges which generate soft graviton theorems after replacing the Kac- 
Moody current j with a Lorentz generator. Note that this relates the leading 
and subleading soft gluon theorems to the subleading and subsubleading soft 
graviton theorems, which is natural since the leading soft graviton theorem 
does not receive loop corrections, but the subleading and subsubleading soft 
graviton theorems receive one and two-loop corrections, respectively, just 
like the leading and subleading soft gluon theorems. These results suggest 
a possible connection to color-kinematics duality [35], EO], which would be 
interesting to further explore. 
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4.2 Soft Limit Algebra 


In this section, we will show that the algebra of soft limits can be elegantly 
encoded in the braiding of soft vertex operators. To start off, consider a 
tree-level n-point amplitude where particles (n — l,n) are positive helicity 
gravitons and consider taking particle n — 1 soft followed by taking particle n 


soft. Using (16) and keeping the leading order terms in the soft limits gives 


n-2 r. n .\2 / n-2 

^ [Wj {in%) I ^ _ 


[jn - 1] (Cn-ij) ^ [nn - 1] {jn-iu) . ^ 

^ (m) {jn - 1) {in-in - if {nn - 1) {in-in - 1)^ 

( 22 ) 

On the other hand, if we hrst take particle n soft and then take particle n — 1 
soft we obtain 


n—2 


[jn - 1] {in-iiY 


'n—2 


V- 

^ (jn - 1) - 1)^ Vlii 


[in] {inif [n - In] (^„n - 1) 

2 ^ ,. ,o + 


(n - In) {in^Y 


Subtracting (23) from (22) gives 



[n — In] 


(n - In) {in-in - 1)^ {innf 


n—2 

E 

2 = 1 


{in-inf [in] {inif {inn - if [in - 1] {in-iiY 


{in) 


{in — 1) 


An-2. (24) 


This result can be easily understood from the perspective of CFT by recalling 
that the soft graviton theorems arise from integrating a soft graviton vertex 
operator around each of the hard vertex operators. We then see that that the 


hrst term in the parenthesis in (22) comes from braiding the vertex operator 


for particle n — 1 around the vertex operators for particles 1, ...,n — 2, and 
the second term in the parenthesis comes from braiding the vertex operator 
for particle n — 1 around the vertex operator for particle n before particle 
n becomes soft. The sum to the left of the parenthesis then corresponds to 
braiding the vertex operator for particle n around the remaining n — 2 hard 


vertex operators. There is a similar interpretation for (23) if one exchanges 
the roles of particles n and n — 1. 
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Hence, as depicted in Figure there are two types of contributions to the 
commutator of soft limits: the “bulk” contributions where both soft vertex 
operators braid a hard vertex operator, and the “boundary” contributions 
where one soft vertex operator braids the other one before it becomes soft. 
In the example we are consdering, it is the second type of contribution which 
gives rise to (24), and our prescription will be to discard such boundary terms. 
This can be achieved simply by choosing the reference spinors = 

(An, An-i), after which the commutator of soft limits vanishes. In the present 
example, the vanishing commutator can be understood as a consequence of 
Bose symmetry, since we are taking the two soft gravitons to have the same 
helicity, however using a similar calculation one hnds that the commutator of 
soft limits also vanishes to leading order for soft gravitons of opposite helicity. 
This is no longer the case at subleading order, however ig. In Appendix 
we show that the commutator of soft limits is nonzero at subleading order 
for photons and gravitons of opposite helicity. 



Figure 3: The commutator of two soft graviton limits from the point of view 
of CFT. In the left diagram, particle n — 1 goes soft before particle n, and 
in the right diagram, particle n goes soft before particle n — 1. The bulk 
contributions correspond to points with two circles around them and the 
boundary contributions correspond to points with one circle around them. 

Using the prescription dehned above, the algebra of soft limits can be 
encoded in the braiding of soft vertex operators. This is essentially a conse¬ 
quence of the Jacobi identity: 

[<?n—1, Vj]] [<?n—1, [<?n, Vj]] = [[o'n, <?n—l] , Vj] , (25) 

where (g„, Qn-i) are charges which generate soft limits for particles (n, n — 1) 
and Vi is a hard vertex operator. Indeed, recalling that time ordered com¬ 
mutators in a 2d CFT are described by contour integrals, we see that the 
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left-hand-side of (25) corresponds to a bnlk contribntion to the commntator 
of the soft limits generated by and qn-i, and the right-hand-side corre- 
ponds to the soft limit generated by the charge which arises from braiding 
Qn and qn-ii as depicted in Fignrej^ 





% 


I 


I 


Fignre 4: The commntator of two soft limits can be encoded by braiding one 
soft vertex operator aronnd another. 

In snmmary, after discarding bonndary terms, the commntator of soft 
limits can be encoded in the braiding of soft vertex operators as follows: 


lim , lim 

Pn-l^O 


Anlbulk = / ^"1=1 dVi ([g„, qn-l] Vi...Vn-2) ■ (26) 


Note that this eqnation is schematic in that we are not specifying the he- 
licity of the vertex operators or implementing gange-fixing of the worldsheet 
theory in order to make the presentation as simple as possible, bnt it is 
straightforward to incorporate these details. In Appendix we compnte 
the snbleading contribntion to the commntator of two soft graviton limits 


and two soft photon limits and verify that it agrees with (26). 


The algebra of soft limits reflects the nnderlying symmetry algebra of the 
amplitndes. Indeed, we have shown that the commntator of two soft gravi¬ 
ton limits vanishes at leading order, which is expected since at leading order 

d-i) n 


these limits are generated by the charges qQ^ in (20), which are abelian 
generators corresponding to snpertranslations. On the other hand, commn- 
tators of snbleading soft graviton limits no longer vanish in general since the 
the corresponding charges are nonabelian. Identifying the world-sheet 
helds A“ with homogeneons coordinates of the 2-sphere at nnll inhnity, we 
see that the charges q^^ depend on both A and A and therefore do not corre¬ 
spond to conformal transformations of the 2-sphere. Hence, the snbleading 
soft graviton theorem appears to be associated with diffeomorphisms which 
are more general than extended BMS transformations HU- Note that these 
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diffeomorphisms satisfy 


A 


■(5A + 



0 . 


(27) 


In particular, using the OPE’s in Q, we see that the transformations induced 
n (0) 

by Qgr are 


= 


eA 

(sA) 

sA 



AJ, 


m 


sX 


(sA) (Cs) 


A 


a 

s 


Hence, ^ • SqI^X = ■ 5g]jA = 0. Moreover, it is not difficult to see that 

the inhnite set of diffeomorphisms generated commuting by these transfor¬ 


mations satisfy (27) as well. 


5 Loop Corrections 

In this section, we consider ambitwistor string theory on a genus one world- 
sheet. For this purpose, it is convenient to work with the ambitwistor string 
theory developed by Mason and Skinner, whose target space can be dehned 
in general dimensions [28]. First we review this model at tree-level, and then 
we describe the dehnition of genus one amplitudes in terms of the one-loop 
scattering equations developed in [H]. Finally, we use this formalism to com¬ 
pute the 1-loop correction to the subleading soft graviton theorem due to IR 
divergences. 

5.1 Ambitwsitor Strings in General Dimensions 

In this subsection we will review the ambitwistor string theory developed by 
Mason and Skinner, which can be used to describe gravity in any dimension. 
When D = 10, this model becomes critical and its spectrum corresponds 
to type II supergravity (the existence of ambitwistor strings in general di¬ 
mensions was also considered in USD- The model has M = 2 worldsheet 
supersymmetry and the Lagrangian is 

2 2 

C = p ■ Bq + ^ d'r • B'^r + eT -\- ep^ + E XrP ■ d'r 

r=l r=l 
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where and are bosons with conformal weights (1,0) and (0,0), respec¬ 
tively, fi = 0, ...,D — 1 is a Lorentz index, are fermions with conformal 
weight (|,0), (e, e) are bosons with conformal weight (—1,1), and Xr 
fermions with conformal weight (—1,1). 

For a graviton with momentum and polarization = e^e'^, the inte¬ 
grated vertex operator is given by 


Vgr = 6 (k-p) (e-p + te-^rk- ^.). 


This is very similar to the dehnition of a graviton vertex operator in the 
RNS string except for the delta function which ultimately gives rise to the 
scattering equations. A tree-level n-point graviton amplitude is computed 
from the correlation function 



where the SL(2, C) symmetry can be used to fix the location of three vertex 
operators. Combining the exponentials with the action and integrating out 
the worldsheet held gives 



( 28 ) 


Plugging this back into the delta functions implies the scattering equations 



The soft graviton theorems in general dimensions can be derived by Taylor 
expanding a soft graviton vertex operator in the soft momentum |36]. The 
procedure is very similar to the one we described for the 4d ambitwistor 
string in Section Noting that 



and applying Stokes theorem, we obtain 


/ 



2Tii J s ■ p 


/ 
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where s is the momentum of the soft graviton. For an n-point amplitude, 
the contour encircles the n — 3 solutions of s ■ p (a) = 0, and the positions 
of the hard vertex operators are determined by the scattering equations of 
an (n — l)-point amplitude as the momentum of the soft particle goes to 
zero, which is the approximation we use. We then wrap this contour around 
the locations of the hard vertex operators, as before. For more details about 
counting solutions, see 

Expanding the soft graviton vertex operator in the soft momentum gives 
an inhnite series 



where the leading term is 



Inserting this charge into correlation functions generates Weinberg’s soft 
graviton theorem. In particular, consider inserting this charge into an n- 
point correlator. The soft theorem arises from integrating the charge around 


each hard vertex operator and adding up the residues. The contribution from 
the ith hard vertex operator is given by 



(29) 


where we noted that limo-_,.o-i p^(cr) = 

5.2 One-Loop Scattering Equations 

In this section, we will review the proposal for computing 1-loop amplitudes 
using ambitwistor string theory, as described in ^Tl H2]. When computing 
correlation functions on the torus, the conformal isometries can be used to 
hx the location of one vertex operator. Suppose we £x the location of the 
vertex operator for particle 1. In this case, the scattering equations for an 
n-point amplitude are given by 


ki ■p(cri) = 0, i = 2,3, ...,n, 
p^(cro) = 0, 
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(30) 

(31) 







where fcf is the momentum of the ith particle, cxj is the location of the ith 
vertex operator, ao is a point on the worldsheet which is in general distinct 
from the locations of the vertex operators, and p^{a) is the generalization of 
(28) to a toroidal worldsheet: 

p^^{a) = P + ^fcf5(cT-cTi,r), S{a,T) = 

where corresponds to the loop momentum over which we integrate, and r 
is the modular parameter of the torus. Whereas (30) determines the locations 
of the n — 1 integrated vertex operators. 


determines r. More explicitly, 
the 1-loop scattering equations can be expressed as 


k ■ ki + ki ■ kjS ((jjj, r) = 0, i = 2, 3,..., u. 




k^ + '^ki- kjf {ao, Gi, Gj, t) = 0, 


(32) 

(33) 


where Gij = Gi — Gj and 


/ ((To.cTi.cTj.T) ^ S{aQi,T)S {aQj,T)-S (cTij.r) S {aQi,T)-S (cTji, r) S . 

(34) 

One-loop amplitudes are then given by: 


A 1 —loop _ 


d^k 


(2vr) 




(35) 


5.3 IR Divergences 

The IR divergent part of the genus one amplitude corresponds to the contri¬ 
bution from —>■ oo, or equivalently q = —?■ 0 |l8]. This corresponds to 

a non-separating degeneration of the toroidal worldsheet, which gives rise to 
a spherical world sheet with two additional punctures, as shown in Figure]^ 
We will denote the location of these punctures by Ga and Gh- Using the con¬ 
formal symmetry of the 2-sphere, we can £x the locations of two more vertex 
operators, which we will take to correspond to particles 2 and 3 (note that 
the location of the vertex operator corresponding to particle 1 has already 
been hxed). 
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Figure 5: A non-separating degeneration of a toroidal worldsheet gives rise 
to a spherical worldsheet with two additional punctures. 


Equation (33) also simplihes in this limit. Noting that 

^2n 


d9i{a,T) 
(a, r) 


= cot a + 4 ^ sin(2na), 


n=l 




the delta function in (35) therefore reduces to 


one hnds that the function / in (34) reduces to —1 as g —?■ 0. In this limit, 


lira 5 (p^(o'o)) = ^ ( 


/ 


= 5 {k^) , 


where the sum runs over {i, j} G 1, ...,? 7 ,, and we used momentum conserva¬ 
tion to get the second equality. Hence, in this limit the loop momentum 
becomes on-shell, so we take the punctures at aa,h to correspond to graviton 
vertex operators with external data (e, k) and (e*, —k), respectively. 

The IR divergent part of the 1-loop amplitude corresponds to the soft 
limit k^ —)■ 0. In this limit, we can expand the soft graviton vertex operators 
located at aa,b in powers of the soft momentum to obtain 


A 1 — loop I 

\div — 


d"k 


(2x) 


D- 




tree 


( 36 ) 


where is the sum over soft graviton polarizations and 

1 [{e-pf (_i) 1 ne*-pf 


= 


2m 


k ■ p 


i = 


2Tii 


—k ■ p 
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Hence, the IR divergent part of the loop integrand arises from taking a don- 
ble soft limit of a tree-level amplitude. Using (29) and the prescription for 
computing double soft limits described in Section we obtain 




tree 


1 (e ■ ki) 


" (U • k,f 


i,j ± 


k ■ ki 


-k ■ kj 




tree ’ 


where the sum is over all pairs of vertex operators which are encircled by 
and the factor of | comes from Bose symmetry. Hence, we hnd that 


Al — loop\ _ 

\ div ~ 


i,j ± 


(e ■ kjf {e* ■ kjf 
k ■ ki —k ■ ki 


A 


tree 


(37) 


This equation has a simple physical interpretation. It corresponds to the IR 
divergence which comes from a virtual graviton becoming on-shell. Weinberg 
showed that this divergence exponentiates and is cancelled by the real IR 
divergence coming from external soft gravitons |T]. From the point of view 
of ambitwistor string theory, the on-shell condition arises from the genus one 
scattering equations as —)■ cx), and the sum over pairs of soft factors comes 
from braiding the pair of soft graviton vertex operators corresponding to the 
endpoints of the thin tube in Figure [^around the other vertex operators. 

Let us now evaluate the integral in equation (37). Noting that 


/ ^ ^ 2 (hAtpWcr + VpcrVi^p VpvVpcr) 


* * 


and using the identity 6 ^ lim^-^o O' (37) reduces to 


. =limS 


1 div 


£—^0 


d^k 


E 


{ki ■ kj 


{ 27 r)^ ^ k ■ kik ■ kj -|- ie) 


A 


tree 


where we noted that the external momenta are null. As we mentioned above, 
this integral is IR divergent in four dimensions and needs to be regulated. 
Taking D = 4 -|- 2e with e > 0 gives 


Al—loop\ ~ A tree 


where 


I div 


n 


(38) 


- 




ln(-^ 
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Sij = and fi is an arbitrary energy scale |1H]. Note that donble poles 

in e which originate from collinear IR diveregences cancel ont by momentum 
conservation. 

Using (38), it is not difficult to compute the IR divergent part of the 
1-loop correction to the subleading soft graviton theorem, as shown in [7]. 
In particular, taking particle n to be soft and expanding (38) to sub leading 
order in the soft momentum gives 


where 




(J^ = 


2=1 


and {S^ are given by 


n-l 


^(- 1 ) ^ • ^iY g(o) ^ ^ 

^ kn-ki' ^ 


e F"' 


2=1 


2 = 1 


hfi ' kj^ 


where = kY- q§—^ + ^Y Hence, when particle n becomes soft, ex- 




i de. 




panding (38) to subleading order in the soft momentum gives 

^ *»-■ + s'“') 

This equation can alternatively be written as follows: 


where 




From this result, we see that the leading soft graviton theorem is not renor¬ 
malized and the subleading soft graviton theorem is renormalized at 1-loop, 
which is consistent with dimensional analysis. 


6 Conclusion 

In this paper, we used ambitwistor string theory to obtain formulae for the 
soft limits of scattering amplitudes of pure Yang-Mills theory and Einstein 
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gravity in the form of an infinite series in the soft momentnm. These for¬ 
mulae were derived by taking a vertex operator in a correlator to be soft, 
and evaluating the correlator in the limit that the scattering equations for 
the hard vertex operators are independent of the location of the soft vertex 
operator, which is valid up to subleading order in Yang-Mills theory and 
sub-subleading order in gravity. It would be interesting to compute higher 
order soft terms by taking into account the backreaction of the soft vertex 
operator on the hard vertex operators via the scattering equations, and to 
see if the results are constrained by symmetries such as conformal, Lorentz, 
and gauge invariance |Sni ED ED ES] • 

Each term in the Taylor expansion of a soft vertex operator can be thought 
of as a charge on the worldsheet which gives rise to Ward identities when 
insterted into correlation functions. Hence, the soft theorems can be in¬ 
terpreted as Ward identities for ambitwistor string theory, at least up to 
subleading order in Yang-Mills theory and subsubleading order in gravity. 
We have demonstrated that the algebra of soft limits can be encoded in the 
braiding of soft vertex operators if one discards boundary terms which arise 
from braiding one soft vertex operator around another one before it becomes 
soft. In this way, we hnd that the algebra associated with the leading order 
soft graviton theorem is abelian, furnishing a representation of supertrans¬ 
lations. On the other hand, the algebra associated with higher order soft 
graviton theorems is nonabelian and appears to be more general than the 
extended BMS algebra. There is also a similar story for Yang-Mills theory. 
In particular, the Kac-Moody symmetry of Yang-Mills amplitudes recently 
discussed in [25l [26] is encoded by the Kac-Moody current j which appears 
in the dehnition of the gluon vertex operators of ambitwistor string theory. 
Moreover, we hnd that the worldsheet charges which generate soft gluon the¬ 
orems can be mapped into those which generate soft graviton theorems by 
replacing j with a Lorentz generator, suggesting a possible connection to 
color-kinematics duality which would be be interesting to study further. 

Finally, we computed the 1-loop IR divergent correction to the subleading 
soft graviton theorem by considering ambitwistor string theory on a genus 
one worldsheet, providing further evidence that the loop amplitudes of am¬ 
bitwistor string theory correspond to held theory loop amplitudes. It would 
be interesting to demonstrate this beyond the IR limit, which is challenging 
because the 1-loop scattering equations and loop integrand of ambitwistor 
string theory generically contain elliptic functions. In ordinary string the¬ 
ory, modular invariance of one-loop amplitudes arises from summing over 
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an infinite tower of states, and integrating over the real part of the modu¬ 
lar parameter of the worldsheet implements level-matching, both of which 
shonld be absent in ambitwistor string theory. Hence, it wonld be desirable 
to extend the ambitwistor string framework to loop-level in snch a way that 
makes these properties manifest. 

It is remarkable that the soft theorems of pnre Yang-Mills theory and 
Einstein gravity arise as Ward identities of a 2d CFT at nnll inhnity. This 
snggests the possibility that these theories exhibit some form of integrability 
even thongh they do not possess Yangian symmetry. Given that ambitwistor 
string theory provides a concrete realization of the 2d CFT at nnll inhnity, 
it shonld be a powerfnl tool for exploring this direction. 
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A 4d Scattering Equations 

In this appendix, we will describe some basic properties of the tree-level 
4d scattering eqnations. These eqnations are implicit in Witten’s parity 
invariant formnlation of twistor string theory 0. For an n-point amplitnde 
where the hrst k particles have negative helicity and the last n — k particles 
have positive helicity, the scattering eqnations read 



(39) 


Note that these eqnations imply the following conditions on the t variables: 


k 


n 





(40) 


2 = 1 


p=k-\-l 
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To see this, perform a contour integral of the scattering equations with the 
contour placed at inhnity and add up all the residues. First we will prove 
that the scattering equations are invariant under an SL(2, C) transformation 
of the worldsheet coordinates, which reflects the conformal symmetry of the 
underlying worldsheet theory: 


cr —)■ 


Aa + B 
Ca + D' 


AD-BC 


Noting that under an SL(2,C) transformation 


1 . 


we see that 


O'i — O'j —>■ 


CTj — (Jj 

(Cffj + D) {CcTj + D) 


1=1 ^ 


U (pi) 


-)■ 


CTi 


{Ca, + d)J2 


U (pi) (Cdi + D) 


2 = 1 


(Tr) 


(Ji 


(Ca, + r>)" ^ V 

f ^ rr 


U (pi) 


■ 1 

2 = 1 ^ 


(^i 


which shows that the hrst set of equations in (39) are invariant. To obtain 
the equality above, we noted that 


U {pi)^ 

(Ti 


U (Ph 

i=i ^P~ 


^U {pi) + (yp^ 


2 = 1 


1 

2 = 1 ^ 


U {pi) 
(Ti 


and used (40). Using a similar calculation, one hnds that the second set 


of equations in (39) are also invariant under SL(2,C) transformations. Us¬ 


ing SL(2,C) symmetry, one can £x the position of three punctures. Hence, 
the scattering equations are trivial for three-point amplitudes. For a four- 
particle MHV amplitude, they reduce to a linear eqution for (T 4 after hxing 
{(Ti, ct 2 , CT 3 } = {0,1, cx)}. Hence, there is only one solution for n = 4. 

We will now show that for an n-point N^“^MHV amplitude, there are 
A{n — 3, k — 2) solutions, where A{i,j) are the Eulerian numbers which are 
dehned recursively as follows: 

4i(hj) = {i-j)Mi - -1) + (j + i)di(« - i,i), 

where A{i,j) = 0 if j < 0 or j > i, and H(1,0) = 1. We will prove this 
by induction. Using SL(2, C) symmetry of the scattering equations, we have 
already shown that when n = 4 and k = 2, the number of solutions is 
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A{1, 0) = 1. Now assume that the formula for the number of solutions is true 
for all (u —l)-point amplitudes and consider an n-point N^“^MHV amplitude 
where the hrst k particles have negative helicity and the last n — k particles 
have positive helicity, for which the scattering equations are given by ( [M| ). 
Rescaling the momenta of particles k and n according to {pk,Pn) —t {epk, epn) 
and taking the limit (e, e) —)■ (0,1), the scattering equations reduce to 


E 


U {pi) 

(Jp (Ji 


n 

0, p G {/c + 

p=k-\-l 



0 , i e {l,...,k}. 


From these equations, we see that all of the are determined by scattering 
equations for an (n—l)-point N^“^MHV amplitude, and for each solution, the 
equation for ak has n — k — 1 solutions. Now consider the limit (e, e) —>■ (1,0): 


E 


tj {pi) 

(Tp (Ji 


0 , pe {k + l, , 


n—1 


E 

p=k-\-l 



0 , i e {l,...,k} 


In this case, all of the are determined by scattering equations for an 
(n — l)-point N^“^MHV amplitude, and for each solution, the equation for 
an has k — 1 solutions. Since the number of solutions will not change as (e, e) 
are varied smoothly, we see that when e = e = 1 the number of solutions is 
{n — k — l)A{n — 4, fc — 3) + (/c — l)A{n — 4, /c — 2) = A{n — 3, fc — 2), where 
we have applied the inductive hypothesis and used the recursive dehnition of 
Eulerian numbers. 


B Examples of Soft Limit Algebra 


In Section we described how the algebra of soft limits can be encoded in 
the braiding of soft vertex operators, if one discards terms which correspond 
to braiding one soft vertex operator around another one before it becomes 
soft, which we refer to as boundary terms. We refer to the remaining con¬ 
tributions as bulk terms. In this appendix, we will describe some nontrivial 
examples. In particular, we will use this prescription to compute the sub¬ 
leading contribution to the commutator of two soft graviton limits and two 


soft photon limits, and match these results with (26) (note that the leading 
contribution vanishes in both cases). 







B.l Gravity 

Let us consider the commutator of two soft graviton limits, neglecting bound¬ 
ary terms. Since the commutator of two leading order soft limits vanishes 
regardless of the helicity of the soft gravitions, we will focus on terms which 
contain the leading order soft limit for one particle and the subleading order 
soft limit for the other. In this case, the commutator is nonzero if the two 
soft gravitons have opposite helicity. 

To start off, consider a tree-level n-point amplitude where particles (n — 
l,n) are positive helicity gravitons and consider taking particle n — 1 soft 
followed by taking particle n soft: 


~ 1] {in-ii) r d 

^ (m) ^ {jn - 1) {^n-in - 1) ” ^ dXj " ^ 


n —2 


[in] {ini) - _ 


''n—2 




Y {in) {inn) dXi {jn - 1) {in-in - 1) 


where we used (16). Similarly, taking the soft limits in the reverse order gives 


n—2 


[jn - 1] {in-ij) ^ d 

2^ 7- TV An-1 ' 


^n—2 


•\2 


Y {jn - 1) {in-in - 1) dXj {in) {inn) 






[jn - 1] (G-ijT 


Y {jn - 1) {in-in - 1)^ Y 


(42) 


Subtracting (42) from (41) then gives 


lim , lim 


A 

•A\ri 


bulk — 


[nn - 1] Y f [w - 1] (in-ii) {ini)‘^ 
{inn) {in-in - 1) y {in) {in - 1) (G^) 

[in] {ini) (in-ii)'^ ^ . 

{in) {in - 1) (G-i^ - ^) J 


(43) 


where \buik indicates that we are discarding boundary contributions to the 
commutator. Choosing the reference spinors (G-i,G) = (An,A,i_i), we see 
that the commutator vanishes by momentum conservation. 
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Next, let’s compute the commutator of soft limits in the case where the 
soft gravitons have opposite helicity, which was considered in [H]. In par¬ 
ticular, suppose that particle n has positive helicity and particle n — 1 has 
negative helicity, and consider taking particle n — 1 soft followed by taking 
particle n soft: 


^ [in] {inif ^ {jn - 1) . d 

h ^ [jn - 1] - 1] 


n—2 


[in] iUi) T d 


^ n—2 


A, ■ V - 

o\. I r,' 


{jn - 1) [^n-lj] 


■i2 


^ {m) {^nn) dXi I “ [jn - 1] [^n-in - 1] 


2 *^n—2 


(44) 


Taking the soft limits in the reverse order gives 
^ {jn - 1) [Cn-ij] , a [in] {^ni)' 


P {m) {inu) 


-2 Aln-2 I + 


y^ (jn — 1) [in-ij\ r (J y, 

bn - 1] - If ^ (^n) (e.n) ” ' ^A. ^ ^ 


Subtracting (45) from (44), choosing the reference spinors i, ) = (A„, An- 1 ), 

and simplifying using the Schouten identity then gives 


lim , lim 

p4-s>0 p“_i-S"0 


n—2 


A. 


-n bulk 


__ 

{n - In) [nn - 1] ■“ (m)^ [in - 1] 


inf' {in — 1) 


2 bl Pn—l Pn \i) Aii—2i 


which agrees with the result obtained 


(46) 


m 


Now we will derive equations (43) and (46) from the point of view of CFT 
by braiding two soft graviton vertex operators and inserting the resulting 
charge into an (n — 2)-point correlation function of hard vertex operators. 
Since (43) describes the case where both soft gravitons have positive helicity, 
it arises from braiding the following soft graviton charges dehned in (20): 


o(-i) 0^°) 

Vn 5 Vn-l 


+ 


fiO) (-1) 

Vn 5 Vn-l 


( 47 ) 


where 


o(-b = 

un 


{^nXy 


Xn 


27ii J {nX) {inu) 


- 0^°) = 
2 ’ ^n 


1 r i^nX) 

2'Ki 


Xn 


[P 


n\ 


{inu) {nX) 
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Using the OPE’s in ([^, one finds that ([P^ is given by 


[nn — 1] 


2711 (^„n) {in-in - 1) 



An — 1 


(Cn-lA) (CnA)' 


+ 


An 


(CnA) (Cn-lA)^ 


(An) (An - 1) (^„n) (An) (An - 1) {in-in - 1) 


Inserting this into an (n — 2)-point correlator of hard vertex operators then 


gives (43) after integrating it around each hard vertex operator and adding up 


the residues. Similarly, (46) arises from braiding the following soft graviton 
charges 


o(-i) o(o) 

)Vn-l 


+ 


„(o) U-1) 


(48) 


where charges with a tilde are obtained by complex conjugating charges with¬ 
out a tilde. Using the OPE’s in ([^ and and choosing the reference spinors 
(Cn-i,Cn) = (An, An-i), oue fiuds that (® is given by 


27ri (n — In) [nn — 1] 


An 


(An — 1)" 


(An)^ 


An — 1 


A 


Pn-l -Pn |A) , 


which once again gives rise to (46) when inserted into an (n — 2)-point cor¬ 
relator of hard vertex operators. 


B.2 QED 

The commutator of two soft photon limits can also be understood from the 
point of view of GET using Figure]^ Looking at the soft photon theorems 
in (18), we immediately see that after discarding boundary terms, soft limits 


involving photons with the same helicity commute, so let us focus on the case 
where they have opposite helicity. In particular, let particle n have positive 
helicity and particle n —1 have negative helicity and consider the commutator 
of their soft limits. It is not difficult to see that the leading contribution to 
the commutator will vanish, so we will focus on terms which contain the 
leading order soft limit for one particle and the subleading order soft limit 
for the other. 

Taking particle n — 1 soft followed by particle n soft gives 


n—2 , , n—2 ^ n—2 ^ 





^ [jn - 1] [n - l^n-i] 
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’A^n — 


n—2 
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while taking the soft limits in the reverse order gives: 


n—2 ^ 


'n—2 


^ [jn - 1] dXj {in) «„) 




n—2 

+^77 


[jin 


^ [jn - 1] [n - l^n-i] {in) dX 


n—2 

E l r O 

~T. r ^n ^ ~ *^n—2‘ 
linn \ 


After some simplification, one finds that the snbleading contribntion to the 
commntator of soft limits is 


lim , lim 

pt^o p~_i^0 


A 


■nlbulk — 


n—2 

i=l 
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(n — 17) 

[in — 1] {in — 1)^ [in] 


-An_2. (49) 


Eqnation (|49|) can be derived from braiding soft photon charges in (|19|): 
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Using the OPE’s in ([^ and neglecting the contribntion to the OPE from the 
current algebra (since photons are abelian), we find that 
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Plugging this charge into an (n —2)-point correlator of hard vertex operators 
indeed gives (49) after integrating it around each hard vertex operator and 
adding up the residues. 
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